This article compares multivariate and univariate Generalized Autoregressive Conditional Heteroskedasticity (GARCH) models to forecast portfolio value-at-risk (VaR). We provide a comprehensive look at the problem by considering realistic models and diversified portfolios containing a large number of assets, using both simulated and real data. Moreover, we rank the models by implementing statistical tests of comparative predictive ability. We conclude that multivariate models outperform their univariate counterparts on an out-of-sample basis. In particular, among the models considered in this article, the dynamic conditional correlation model with Student's t errors seems to be the most appropriate specification when implemented to estimate the VaR of the real portfolios analyzed. ( JEL: C22, C53, G17)
to monitor their financial risk and to determine the amount of capital subject to regulatory control; see Berkowitz and O'Brien (2002) . Consequently, VaR is now established as one of the most popular risk measures designed to control and manage market risk. The Basel Accords also establish penalties for inadequate models and, consequently, there are incentives to pursue accurate VaR estimates. A myriad of procedures are currently available for predicting the VaR, but no consensus has been reached on which procedure is best.
The first decision one has to make when trying to predict the VaR of a portfolio is whether to use a multivariate model for the system of individual asset returns or, alternatively, to use a univariate procedure for the portfolio returns. In this article, we assume known portfolio weights so that our focus is on whether the additional information incorporated in multivariate GARCH models compensate the additional uncertainty due to the large number of parameters to be estimated. One can possibly argue that modeling the joint dynamics of the assets contained in the portfolio via a multivariate model can lead to forecast improvements due to the use of more information. However, as the dimension of the portfolio increases, the usually large number of parameters involved renders the estimation of multivariate models more complicated, possibly compromising their predictive ability. Consequently, many authors conclude that it is probably better to adopt univariate models to estimate the VaR of a portfolio; see, for example, Berkowitz and O'Brien (2002) , Brooks and Persand (2003) , Bauwens, Laurent, and Rombouts (2006) , Christoffersen (2009) and McAleer (2009) . Recently, McAleer and da Veiga (2008) found mixed evidence about the comparative performance of univariate and multivariate models. However, the conclusions of these works are limited in several ways. First, they are based on portfolios composed of very few assets (usually three or four), while in real-world situations, financial institutions are usually faced with much larger portfolios. Second, they compare univariate and multivariate VaRs by using the backtesting tests based on coverage/independence criteria proposed by Kupiec (1995) and Christoffersen (1998) . These tests, though appropriate to evaluate the accuracy of a single model, can provide an ambiguous decision about which candidate model is better. Therefore, it is interesting to enhance the backtesting analysis by using statistical tests designed to evaluate the comparative predictive performance among candidate models as, for example, the comparative predictive ability (CPA) test proposed by Giacomini and White (2006) . Third, some of the works mentioned above only consider multivariate models with constant conditional correlations; see Brooks and Persand (2003) and McAleer and da Veiga (2008) . There is, however, large evidence that, in practice, conditional correlations evolve over time and exhibit asymmetric effects; see, for example, Engle (2002) , Tse and Tsui (2002) and Cappiello, Engle, and Sheppard (2006) , among many others.
The goal of this article is to compare the performance of univariate and multivariate GARCH models when implemented to forecast the VaR of large portfolios. The comparison among the alternative models considered is done not only by using backtesting but also the CPA test. We also extend previous studies by considering multivariate models with asymmetric time-varying correlations and alternative distributions for the innovations. Our conclusions are based on the results of Monte Carlo experiments using several alternative specifications for the data-generating process (DGP) and on empirical evidence obtained by estimating the portfolio VaR of three real market portfolios containing a large number of assets. We show that even in large systems, it could be worth to predict the VaR of a portfolio by fitting multivariate models.
This article is organized as follows. Section 1 provides a brief description of the multivariate and univariate VaR models considered in this article. In Section 2, we compare both approaches using simulated data, while Section 3 is devoted to the comparison based on real portfolios. Section 4 concludes.
UNIVARIATE AND MULTIVARIATE VAR MODELS
In this section, we describe several alternative procedures to obtain portfolio VaR forecasts using univariate and multivariate procedures. Throughout the article, we focus on the portfolio VaR for a long position in which traders have bought the assets and wish to measure the risk associated to a decrease in their prices. Moreover, we consider an equally weighted portfolio, which has been extensively used in the empirical literature; see, for instance, Zaffaroni (2007) and DeMiguel, Garlappi, and Uppal (2009).
VaR estimation
Denote by Y t = (y 1t ,...,y Nt ) the vector of returns of the N assets contained in the portfolio at time t and by y p,t = W t−1 Y t the portfolio return, where W t−1 is the vector of portfolio weights, which is assumed to be known at time t−1. The portfolio VaR for a long position is defined as the ϑ-quantile of the conditional distribution of the portfolio return y p,t . This means that, with probability ϑ, the portfolio return will be smaller than the VaR. Therefore, the VaR is defined as:
where the probability P is taken with respect to the distribution function of the portfolio returns conditional on the information available at time t−1. Throughout the article we consider ϑ = 1% which is the level that financial institutions must report as required by the Basel Accords. Additionally, in the simulations, we also consider ϑ = 5% as this is the probability often considered in other related papers.
Next, we describe the alternative univariate and multivariate procedures considered in this article to estimate the VaR. First, the VaR can be estimated by implementing the univariate conditional autoregressive VaR (CAViaR) model proposed by Engle and Manganelli (2004) , which specifies directly the dynamic evolution of the ϑ-quantile rather than the distribution of the portfolio returns. The indirect GARCH specification of the CAViaR model is given by
Alternatively, when assuming a particular specification for the conditional mean and variance, the portfolio VaR is given by
where μ p,t and σ p,t are the portfolio conditional mean and standard deviation at time t, respectively, and q ϑ is the ϑ-quantile of the distribution of the centered and standardized returns, ε p,t = (y p,t −μ p,t )/σ p,t . Therefore, to compute the VaR in (3), one needs to estimate q ϑ , μ p,t , and σ p,t . These estimates can be obtained by considering two alternative conditioning sets available at time t−1. First, one can consider the distribution of portfolio returns conditional on past portfolio returns, i.e., the distribution of y p,t conditional on a linear combination of past asset returns, y p,t−h = W t−h−1 Y t−h . Alternatively, one can consider the distribution of y p,t conditional on the whole vector of past asset returns, Y t−h . The former case leads to a univariate model for the portfolio returns while the latter leads to a multivariate model. Consider first the computation of the quantile q ϑ in (3). In the univariate case, two alternative conditional distributions are usually assumed: the Gaussian and the Student's t distribution with v degrees of freedom. Note that, when considering a Student's t distribution, the ϑ− quantile in (3) is given by q ϑ = v−2 vq ϑ , whereq ϑ is the ϑ− quantile of a Student's t distribution with v degrees of freedom; see Pesaran, Schleicher, and Zaffaroni (2009) .
In the multivariate case, assuming a given multivariate distribution of returns, the corresponding conditional distribution of ε p,t is, in general, unknown. It only takes a tractable form when the distribution of returns is closed under linear transformations, i.e. when, for example, all linear combinations of Y t have the same distribution equal to the marginal distribution of returns. This is the case of the standardized multivariate Normal and Student's t distributions; see Christoffersen (2009) and Pesaran, Schleicher, and Zaffaroni (2009) . Therefore, in this article, we consider these two alternative multivariate specifications for the conditional distribution.
Finally, rather than assuming a particular distribution for ε p,t , q ϑ can be estimated as the ϑ-quantile of its empirical distribution. This procedure, known as Filtered Historical Simulation (FHS) can be applied both to univariate and multivariate models; see Barone-Adesi, Bourgoin, and Giannopoulos (1998), Boudoukh, Richardson, and Whitelaw (1998) , Hull and White (1998) , and Christoffersen (2009) for a description.
Consider now the estimation of the conditional mean, μ p,t in (3), which is assumed to be constant over time. In practice, the dynamic dependence in the conditional means of portfolio returns, when present, is very weak. Consequently, assuming a constant mean is not going to affect the results on the VaR estimation. Hence, throughout the article, we assume μ p = E y p,t | y p,1 ,...,y p,t−1 
Finally, the parametric specification of the VaR in (3) requires the estimation of the conditional variance of the portfolio. The specification of σ 2 p,t depends on whether we consider a univariate or a multivariate model when conditioning on the past. When computing the VaR using a univariate model, σ 2 p,t is given by the variance of portfolio returns conditional on past portfolio returns, i.e.,
In this case, four different univariate specifications for the conditional variance in (4) are considered: the GARCH model of Bollerslev (1986) , the Glosten-Jagannathan-Runkle (GJR) model of Glosten, Jagannathan, and Runkle (1993) , the exponential GARCH (EGARCH) model of Nelson (1991) , and the asymmetric power ARCH (APARCH) model of Ding, Granger, and Engle (1993) . All models are specified with their simplest forms, i.e., the variance only depends on one lag of past returns and past conditional variances, as they have shown to be the most relevant in empirical applications. Consequently, the GARCH model is given by:
where ω >0, β,α ≥ 0 and α +β <1 to guarantee the positivity of conditional variances and the stationarity of returns. The GJR model is given by:
where I(·) is the indicator function that takes value 1 when the argument is true. The GJR model incorporates the asymmetric response of volatility to positive and negative returns, known as leverage effect. The restriction to ensure positivity of σ 2 p,t
is ω >0, α,β,δ ≥ 0. The model is stationary if δ <2(1−α −β); see Hentschel (1995) . The EGARCH model also incorporates the leverage effect and it is given by:
Rather than specifying the variance directly, the EGARCH model specifies the natural logarithm of the variance and, consequently, the parameters are not restricted to ensure the positivity of the conditional variance. The stationarity condition is |β| < 1 if ε p,t is Gaussian; see Straumann and Mikosch (2006) for a general condition. Note that the value of E ε p,t−1 depends on the assumed distribution of ε. For the standard Gaussian distribution, E ε p,t−1 = √ 2/π whereas for the Student's t distribution, E ε p,t−1 = 2 √ v−2 ((v+1)/2)/(v−1)( (v/2)) where (·) is the gamma function. Finally, the APARCH model is given by:
The APARCH model differs from the previous asymmetric specifications by directly parameterizing the nonlinearity in the conditional variance via the parameter λ. To ensure that σ λ p,t is nonnegative, it is necessary that ω ≥ 0, α ≥ 0 and −1 ≤ δ ≤ 1; see Ding, Granger, and Engle (1993) for stationarity conditions.
On the other hand, when computing the VaR using a multivariate model, σ 2 p,t is given by the variance of the portfolio returns conditional on past returns, i.e.,
where
To describe the dynamics of the conditional covariance matrix, H t , we consider models based on the decomposition of the conditional covariance matrix into conditional standard deviations and correlations as follows:
Nt with diag(·) being the operator that transforms a N ×1 vector into a N ×N diagonal matrix, and h jt is the conditional variance of the j-th return which can be specified by one of the parametric univariate models described above. The N ×N matrix, R t , is a symmetric positive-definite conditional correlation matrix with elements ρ ij,t , where ρ ii,t = 1. We consider three different specifications for R t : the constant conditional correlation (CCC) model of Bollerslev (1990) , the dynamic conditional correlation (DCC) model of Engle (2002) , and the asymmetric DCC (AsyDCC) model of Cappiello, Engle, and Sheppard (2006) .
The CCC model assumes that the conditional correlation matrix R t is constant over time. In the DCC model, the conditional correlation matrix R t is given by:
( 1 1 ) where diag(Q t ) is a diagonal matrix containing the diagonal elements of the N ×N positive-definite matrix Q t given by
whereQ is the N ×N unconditional covariance matrix of t = H −1/2 t (Y t −μ), and α and β are nonnegative scalar parameters. The model is covariance-stationary if α +β <1. Moreover, Q t is guaranteed to be positive definite if (1−α −β)Q and Q 0 are themselves positive definite.
Finally, the AsyDCC model incorporates the leverage effect into the conditional correlations. It is given by:
where n t = I ( t < 0) t and¯ = E n t n t . A necessary condition for Q t to be covariance-stationary and positive definite is that (1−α −β)Q−δ¯ and Q 0 are positive definite and α +β +λδ < 1, where λ is the maximum eigenvalue of Q −1/2¯ Q−1/2 . As noted above, the multivariate models are implemented using alternative specifications for the univariate conditional variances. To facilitate the exposition of the results, we denote by CCC-GARCH, CCC-GJR, CCC-EGARCH, and CCC-APARCH the CCC model implemented with GARCH, GJR, EGARCH, and APARCH univariate conditional variances, respectively. The same notation applies to the DCC and AsyDCC models. This flexible modeling strategy allows the estimation of twelve alternative multivariate models.
Finally, it is worth to wonder whether the multivariate conditional heteroskedasticity in the vector Y t , measured by H t , is related with the univariate conditional heteroskedasticity of the portfolio return, y p,t , given in expression (4). Note that the latter is obtained after contemporaneous aggregation of the returns in the portfolio. When the multivariate conditional covariance matrix, H t , is represented by a GARCH model, the results of Nijman and Sentana (1996) , derived for a bivariate portfolio, explain why conditional heteroskedasticity can also be found in the univariate portfolio returns. However, in this article, we are interested in large portfolios. In this sense, Zaffaroni (2007) has extended the results in Nijman and Sentana (1996) by considering the limiting behavior of linear combinations of returns. He shows that dynamic conditional heteroskedasticity is only preserved when the individual returns are sufficiently cross-correlated. However, unlike the finite N case of Nijman and Sentana (1996) , the linear combination of infinite assets is not a weak GARCH model although it displays dynamic univariate conditional heteroskedasticity.
Forecast evaluation of VaR models
The forecast evaluation of VaR models is usually done by backtesting using the unconditional and conditional coverage and independence tests proposed by Kupiec (1995) and Christoffersen (1998) . However, as mentioned earlier, these tests are not appropriate for ranking alternative estimates of the VaR. Consequently, on top of evaluating whether each of the estimated VaRs are adequate, we also compare and rank them by implementing the CPA test of Giacomini and White (2006) , which can be applied to the comparison between nested and nonnested models and among several alternative estimation procedures. The CPA test is implemented using the following asymmetric linear (tick) loss function of order ϑ:
where e t = y p,t −VaR ϑ t . The loss function in (14) is the implicit loss function whenever the object of interest is a forecast of a particular ϑ-quantile; see Giacomini and Komunjer (2005) . 1 Consequently, finding the model that minimizes (14) is an intuitive and appealing criterion to compare predictive ability.
A Wald-type test is conducted as follows:
where T is the sample size, LD ϑ t is the loss difference between the two models, andˆ is a matrix that consistently estimates the variance of I t LD ϑ t+1 . Following Giacomini and White (2006) , we assume I t = (1, LD ϑ t ). The null hypothesis of equal predictive ability is rejected for a size ξ when CPA ϑ >χ 2 T,1−ξ .
MONTE CARLO EVIDENCE
In this section, we perform Monte Carlo experiments in order to compare the insample and out-of-sample performances of multivariate versus univariate models. A major concern when performing this kind of experiments is the choice of the DGP. Consequently, we consider three alternative DGPs different from any of the models implemented for the estimation of the VaR. In this way, we do not favor any particular multivariate specification. First, we generate data by the orthogonal GARCH (O-GARCH) model of Alexander and Chibumba (1997) and Alexander (2001) , extended to incorporate leverage effects in the dynamics of the common factors. The second DGP considered is a multivariate autoregressive stochastic volatility (MARSV) model; see Harvey, Ruiz, and Shephard (1994) and Asai, McAleer, and Yu (2006) . Finally, we simulate an asymmetric version of the diagonal VEC (ASYDVEC) model of Bollerslev, Engle, and Woodridge (1988) proposed by . In all cases, we consider a Gaussian distribution for the conditional distribution of the simulated 1 To see how the tick loss function works in practice, consider a simple example involving two different VaR models. Suppose that the portfolio return in day t is −4% and that the VaR in day t (forecasted in t−1) obtained from the two models are −2% and −6%, respectively. Obviously, for the first model, there is a VaR violation whereas for the second there is not. For the first model, the value of the tick loss function in (14) is (0.01−1)(−2) ∼ = 2 whereas for the second model the value is (0.01−0)2 = 0.02. (Recall that, since we are considering only a long position in the portfolio, the VaR will be always a negative number). Therefore, according to the tick loss function, a model is more penalized when a VaR violation is observed. Moreover, the greater is the magnitude of the violation the greater is the penalization.
returns. The details about the parametrization of the three DGPs considered are given in the Appendix.
Our Monte Carlo experiments are as follows. For each of the three DGPs considered, we generate 100 systems of N = 10 asset returns, each with a sample size of T = 5000 observations. Then, the first 2500 observations are used to estimate the parameters of each of the univariate and multivariate models described in Section 1 and the corresponding VaR for ϑ = 5% and ϑ = 1%.
The univariate GARCH, GJR, EGARCH, and APARCH models are estimated by quasi maximum likelihood (QML) using the Oxford MFE Matlab Toolbox by Kevin Sheppard 2 , restricting the parameters to satisfy the positivity and stationarity conditions when appropriate; see Straumann and Mikosch (2006) and Francq and Zakoian (2009) for the asymptotic distribution of these estimators. The parameters of the CAViaR model in (2) are estimated using regression quantiles as in Engle and Manganelli (2004) and Koenker (2005) . The VaR estimated by FHS is based on the GARCH specification of the conditional variance.
The CCC model is estimated in two steps. First, univariate models are fitted to estimate the conditional variances of each return in the system and then, the correlation matrix is estimated using the sample correlations among the standardized returns. The multivariate DCC models are estimated by the composite likelihood (CL) estimator proposed by Engle, Shephard, and Sheppard (2008) that considers all contiguous pairs of data 3 . Engle, Shephard, and Sheppard (2008) also provide asymptotic properties of the CL estimator. All models are estimated assuming Gaussian errors. Similarly, the quantile q ϑ in (3) is obtained assuming a Normal distribution when necessary.
For the VaR computed by each of the univariate and multivariate procedures, we compute the average coverage and perform the unconditional coverage, independence, and conditional coverage tests both in-sample and out-of-sample. Consider first the in-sample results. For each of the three DGPs, the top panels of Tables 1-3 report, respectively, the in-sample Monte Carlo averages and standard deviations of the empirical coverages together with the number of rejections of the null hypothesis mentioned above when the nominal size is 10%. Consider first the results of the empirical coverages. Tables 1-3 show that, regardless of the DGP and the VaR level, the average empirical coverages are very close to the nominal level for all the procedures implemented to estimate the VaR. The only remarkable difference among procedures appears when looking at the Monte Carlo standard deviations of the CAViaR and FHS estimators. In the former case, the standard deviation is clearly smaller (around ten times) than the others while in the latter, we observe larger deviations (around twice). Therefore, attending to the empirical coverage results, it seems that the univariate CAViaR model perform the best among the procedures considered to estimate the VaR, while the FHS performs the worst. The bad performance of the FHS procedure is also clear when analyzing the number of rejections of the unconditional and conditional coverage tests, which are larger (around twice) than for the other procedures implemented, and clearly larger than the nominal size of 10%. When looking at the number of rejections of the independence, unconditional and conditional coverage tests for all the other procedures, we observe they are either smaller or close to the nominal size. Therefore, from these tests we cannot conclude about different performances among the in-sample VaR estimates.
As mentioned above, these tests are not useful to compare procedures. Consequently, for each of the DGPs considered, the top panels of Tables 4-6 report, respectively, the in-sample number of times the CPA test prefers one of the two models being compared. Specifically, in each entry of these tables, the first number corresponds to the number of times the univariate model in the column outperforms the multivariate model in the row. The second number corresponds to the number of times the multivariate model outperforms the univariate model. In the remaining cases, the test is indifferent between both models. The results of this test are not completely conclusive and depend on the particular DGP considered. For instance, when considering the O-GARCH model as DGP, the top panel of Table 4 shows that the test is indifferent between the univariate and multivariate specifications in approximately 60% of the simulations. However, if ϑ = 5% and the CPA test prefers one model, this model corresponds always to a multivariate specification. If ϑ = 1%, the test prefers more the multivariate specifications (around 40% of the time) although the univariate ones are chosen a few times (less than 10% of the time). However, the results are different when we consider the MARSV as DGP. From the top panel of Table 5 , we can observe that the CPA test is indifferent in approximately 80% of the simulations. Furthermore, when one procedure is preferred, it is more often an univariate specification rather than a multivariate one. Only the FHS procedure is never chosen, in concordance with the results commented above on the empirical coverages. Finally, when the DGP is the ASYDVEC model, there is also a large number of times, between 70% and 80%, in which the CPA test is indifferent. In this case, when one of the models is chosen, the test prefers roughly the same number of times a univariate or a multivariate procedure.
Therefore, the in-sample comparison between univariate and multivariate procedures to estimate the VaR has mixed results depending on the DGP considered. The only procedure that seems to be clearly rejected is the FHS one. To better appreciate the differences, we also carry out an out-of-sample VaR comparison where the parameters are estimated using the first 2500 observations and the remaining 2500 observations are used to compute one-step-ahead VaR forecasts. As with the in-sample comparison, the bottom panels of Tables 1-3 report the corresponding Monte Carlo averages and standard deviations of the empirical coverages together with the number of rejections of the null hypothesis for the independent, unconditional coverage and conditional coverage tests. Observing the average empirical coverages, the conclusions are similar to those obtained in the in-sample analysis, as these coverages are very close to the nominal VaR levels. However, when the DGP is the O-GARCH model, the standard deviations of the empirical coverages of the univariate procedures are clearly larger (around twice) than those of the multivariate ones. For the other two DGPs, the standard deviations are roughly similar regardless of the procedure implemented to estimate the VaR.
When analyzing the rejections of the independence, unconditional and conditional coverage tests, we can observe that, for the latter two tests, the rejections are larger than the nominal size of 10%, while for the former one they are usually smaller. In any case, there are not relevant differences between the results corresponding to univariate and multivariate procedures. Therefore, as with the insample analysis, when analyzing the empirical coverages and the backtesting tests there is not a clear conclusion about which procedure could be more appropriate.
Consider now the results of the CPA test implemented to compare the outof-sample VaR estimates reported in the bottom panels of Tables 4-6 for each of the three DGPs considered, respectively. Regarding the results when the systems are generated by the O-GARCH model, we can observe that the number of times when the CPA test is indifferent is now smaller than in the in-sample comparison, being around 40%. Furthermore, the multivariate procedures are clearly preferred when compared with the univariate ones. Finally, the results for the MARSV and ASYDVEC processes are similar. The CPA test is indifferent in approximately 75% of the cases. However, when looking at the results for the ϑ = 1% VaR level required by the Basel Accord, it is clear that if a model is chosen, then it is usually a multivariate model.
Therefore, we can summarize the Monte Carlo results by noting that the usual backtesting procedures give mixed results when comparing univariate and multivariate procedures to estimate the VaR regardless of whether the comparison is made in-or out-of-sample. In this sense, the results are in concordance with those obtained by McAleer and da Veiga (2008) . However, when implementing the CPA test, we observe that it is indifferent in many cases but, when it chooses a model, most of the time this model has a multivariate specification. The preference of the CPA test for multivariate specifications is clearer out-of-sample.
The Monte Carlo results suggest that multivariate and univariate models deliver different estimates of the portfolio conditional variance and, consequently, different estimates of the portfolio VaR. Furthermore, the results are in favor of the multivariate approach. This difference can be explained by the fact that univariate models impose parameter restrictions that limits the dynamics represented by the multivariate models. The added flexibility of multivariate models translates into to more accurate estimates of the portfolio VaR. Therefore, if parameters are known, this additional flexibility allows us to explain why multivariate models work better. In practice, parameters need to be estimated, which ends up adding additional uncertainty to multivariate models in comparison to the their less parameterized univariate counterparts. According to our results, this uncertainty due to a larger number of estimated parameters does not compensate the gains coming from a better representation of the volatility dynamics in multivariate models. 
EMPIRICAL EVALUATION WITH REAL MARKET DATA
In this section, we compare empirically the multivariate and univariate models described above by implementing them to forecast the one-day-ahead VaR of a long position in equally weighted diversified portfolios with a very large number of assets. This is a realistic situation faced in most financial institutions. Moreover, we focus on the estimation of the portfolio 1%-VaR, which is the relevant level for risk financial institutions which must report this level to measure their market risk exposure in accordance to the Basel Accords.
We analyze three real market portfolios of daily returns observed from January 3, 2000 to June 30, 2010, with T = 2639. The first 1639 observations correspond to the in-sample period whereas the remaining 1000 observations correspond to the out-of-sample period. The first portfolio analyzed is composed of returns of forty-eight US industry portfolios. 4 The second portfolio is composed of returns on twenty-five portfolios of stocks formed on the basis of size and bookto-market. These two data sets were downloaded from the web page of Kenneth French. 5 Finally, the third portfolio considered is composed of returns of all stocks belonging to the S&P100 index with common available observations during the sample period. This yields a total of seventy-seven stocks. This third portfolio was downloaded from the Reuters Ecowin database.
The top panel of Table 7 reports, for each of the three data sets and across the assets composing each of them, the average mean return (in %), maximum and minimum return (in %), standard deviation (in %), skewness, and kurtosis, using data corresponding to the in-sample (first 1639 observations, from January 3, 2000 to July 11, 2006) and out-of-sample periods (last 1000 observations, from July 12, 2006 to June 30, 2010). We can observe that the mean return of the three portfolios is smaller in the out-of-sample period, which covers the financial crisis. On the other hand, the standard deviations are larger in the out-of-sample period. In all cases, the kurtosis are clearly greater than 3. Finally, with the exception of the industry portfolio, the skewness coefficients are negative and larger (in size) in the out-of-sample period.
In the same way, the lower panel of Table 7 reports a summary of the sample moments of the univariate portfolio returns corresponding to the equally weighted portfolio for each of the three data sets. Because this is a well-diversified portfolio, the realized returns are less extreme and hence, the standard deviations (for each 4 The industry sectors included in the portfolio are: agriculture, food products, candy and soda, beer and liquor, tobacco products, recreation, entertainment, printing and publishing, consumer goods, apparel, healthcare, medical equipment, pharmaceutical products, chemicals, rubber and plastic products, textiles, construction materials, construction, steel, fabricated products, machinery, electrical equipment, automobiles and trucks, aircraft, shipbuilding and railroad equipment, defense, precious metals, non metallic and industrial metal mining, coal, petroleum and natural gas, utilities, communication, personal services, business services, computers, electronic equipment, measuring and control equipment, business supplies, shipping containers, transportation, wholesale, retail, restaurants/hotels/motels, banking, insurance, real estate, trading, and other (sanitary services, steam, air-conditioning supplies, irrigation systems, and cogeneration). 5 http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/ data set) are smaller than the corresponding mean standard deviations reported in the top panel of the table, both in the in-and out-of-sample periods. The same happens for the skewness and kurtosis measures. The skewness coefficients for equally weighted portfolios are negative and larger (in size) in the out-of-sample period, and the kurtosis are also larger than 3. For each of the data sets and using the first 1639 observations, we estimate all univariate and multivariate models by QML as explained in Section 3, but now maximizing both the Gaussian and the Student's t log-likelihood functions. In the second case, we denote the model by adding a "t" to the corresponding acronyms. The only exception is the GARCH-FHS approach that is based on the estimation of the GARCH model assuming Gaussian errors. 6 Table 8 reports the estimated parameters of all models for each of the three portfolios considered, along with their asymptotic standard deviations computed using numerical derivatives 7 . The estimates have been restricted to satisfy the positivity and stationarity conditions. The parameter estimates are significant and similar to those found in previous works by other authors. For instance, the values of the DCC and AsyDCC parameters are similar to those reported in Cappiello, Engle, and Sheppard (2006) , whereas the values of the CAViaR-estimated parameters are similar to those reported in Engle and Manganelli (2004) . As in Engle and Sheppard (2001) , we observe that the estimated news parameter, α, in the DCC models are significant in all cases. Furthermore, the parameter δ associated to the asymmetric term in the AsyDCC model in the industry and size-B/M portfolios is positive and significant when considering Gaussian error distributions, and the associated estimated values are close to those reported in Cappiello, Engle, and Sheppard (2006) . When considering the Student's t as the error distribution, we find that the asymmetry parameter in the AsyDCC model is positive and significant for the S&P100 stocks and nearly zero and nonsignificant for the remaining instances.
For the univariate models, we find that the parameter δ associated to the asymmetric term is significant in all cases. Finally, we observe that, in general, the estimates of the degrees of freedom, v, in the GARCH-t, GJR-t, EGARCH-t, and APARCH-t models are very large, suggesting that the univariate standardized returns can be adequately represented by the Gaussian distribution when these models are fitted to represent the evolution of their conditional variances. For the Industry and Size-B/M portfolios, the estimated degrees of freedom for the univariate models are larger than 45 in all specifications. For the S&P100 data set, the estimated values are larger than 15. For the multivariate models, however, we find that the estimated degrees of freedom are lower than 7 in all specifications 6 We also consider a CCC model in which the unconditional correlation matrix of standardized returns is given by the identity matrix, which implies that all cross-correlations are assumed to be zero. Moreover, we consider the multivariate FHS procedure suggested by Christoffersen (2009) . These models, however, perform very poorly in comparison to the multivariate specifications considered in this article. Consequently, we do not report the corresponding results. 7 Note that we have not included parameter estimates of the multivariate CCC models because they do not present dynamics in the conditional correlations. and in all data sets. These findings are consistent with those obtained by Pesaran and Pesaran (2010) . Given that the parameter estimates of the univariate Gaussian and Student's t models are very similar in all data sets, we focus solely on the performance of univariate Gaussian models. After estimating the parameters, we obtain out-of-sample forecasts of the VaR using two alternative strategies. First, out-of-sample forecasts are obtained using a fixed estimation window as in the Monte Carlo simulations. In this case, the out-of-sample VaRs are computed with the parameters reported in Table 8 that are kept fixed during the out-of-sample period. The main advantage of this procedure is that it entails less computational effort since all models are estimated only once. However, parameter estimates may become outdated and possibly harm the predictive accuracy. Our second strategy is to obtain out-of-sample forecasts using rolling estimation windows of T −1000 observations, in which the parameters are reestimated 1000 times in order to provide one-step-ahead forecasts. Obviously, although this strategy implies a huge computational effort, the resulting out-of-sample forecasts tend to gain accuracy. Table 9 reports the backtesting results for the three portfolios considered based on out-of-sample 1%-VaR estimates obtained with a fixed estimation window. For each portfolio, Table 9 reports the empirical coverage of each model and the p-values of the independence, unconditional, and conditional coverage tests, respectively. We can observe that, for the three portfolios and all VaR estimation procedures, the empirical coverages of all models tend to fall far beyond their expected nominal level of 1%. This result is likely to be related to the financial crisis that started in 2007-2008 and was also found by Pesaran and Pesaran (2010) . This is also confirmed in Table 7 , where we observe that out-of-sample unconditional moments are different with respect to in-sample moments, with average returns becoming lower and average standard deviation becoming higher in the out-of-sample period. Following a period of calm in financial markets, the VaR estimates can decline to low levels, but they might underestimate risk during a period of stress that lies ahead, resulting in an increase in the number of violations.
Results using fixed estimation window
We can also observe in Table 9 , except for the CCC model, that multivariate Student's t models deliver always a lower number of violations in comparison to their Gaussian counterparts, resulting in empirical coverages closer to the nominal levels of 1%. For the industry portfolios and size-B/M portfolios, the best performance in terms of empirical coverage was achieved by the DCC-GJR-t (2.2% and 1.5%, respectively), whereas for the S&P100 stocks the best performance was achieved by the univariate CAViaR model (2.1%). Finally, the comparison among alternative multivariate models indicated that DCC and AsyDCC models perform better than CCC models, suggesting that, in fact, conditional correlations tend to be dynamic rather than constant. When looking at the p-values of the backtests, we can also UC CC observe that in the industry portfolios and S&P100 stocks data sets, all models reject the null hypothesis of independence and correct conditional coverage. On the other hand, the backtesting results for the size-B/M portfolios indicate that the DCC-GJR-t model achieves a remarkable performance as it is the only model that passes all tests.
Tables 10-12 report the results for pairwise comparisons among all candidate models according to the CPA test for each of the three data sets considered, respectively. In these tables, after each CPA coefficient, a left (up) arrow means that the univariate model in the row outperforms (underperforms) the univariate model in the column. The associated p-values appear in parentheses. The results corroborates the evidence from the backtests discussed before, as they indicate that multivariate models outperform their univariate counterparts in most cases. For the industry and size-B/M portfolios, Tables 10 and 12 show that all DCC-t and AsyDCC-t specifications outperformed all univariate models. For the S&P100 stocks, however, Table 11 reveals that the univariate GJR and CAViaR models outperforms all multivariate models. Finally, we observe that multivariate models with constant conditional correlations usually underperform, thus corroborating the evidence that assuming conditional correlations to be time-varying rather than constant leads to improvements in the VaR forecasts. Finally, it is important to point out that when estimating multivariate models with Gaussian errors the results are mixed.
The backtesting results obtained with fixed estimation window discussed above leave room for discussion. Even though multivariate models outperform their univariate counterparts when implemented to forecast the portfolio 1%-VaR for two portfolios considered in this article, the majority of both specifications fails to pass the backtests in most of the cases. One possible explanation for this result could be the fact that the parameters estimated in the in-sample period are kept fixed in the out-of-sample period. Therefore, considering that the out-of-sample unconditional moments reported in Table 7 are very much different with respect to in-sample moments, one can suspect that the out-of-sample VaR forecasts will yield much higher empirical coverage rates and, consequently, failing to pass the backtests. In fact, the results reported in Table 9 confirm this idea. Obviously, multivariate models with Student's t innovations tend to be less affected by this problem since some of the individual assets already exhibit in the in-sample period high standard deviation and kurtosis, which tends to make the estimated degrees of freedom small and consequently leads to better empirical coverage rates in the out-of-sample period.
Results using rolling estimation window
To circumvent the limitations imposed by the fixed estimation window, we consider an alternative estimation strategy in which parameters are reestimated using a rolling window of T −1000 observations. Starting from the first observation, we estimate the parameters and obtain a one-step-ahead forecast. We repeat this process by discarding the oldest observation and including a new observation until the end of the sample is reached. In the end, we have a series of 1000 one-step-ahead out-of-sample forecasts. Note that this estimation strategy is very computationally demanding as each model has to be reestimated 1000 times in each of the data sets. Therefore, in order to alleviate the burden of the estimation process, we consider a subset of the multivariate and univariate models considered above. In particular, we pick the two best multivariate and the two best univariate models based on the results reported in Tables 9-12; namely the DCC-GJR-t, AsyDCC-GJR-t, GJR, and CAViaR models. Table 13 reports the backtesting results for these four models and for the three portfolios considered in this article. As expected, the results are better in comparison to those obtained with a fixed estimation window. We can observe that all models deliver empirical coverage rates closer to the expected nominal level. For instance, the DCC-GJR-t model delivered an empirical coverage of 1.8% in the case of the industry portfolios, whereas the same figure in Table 9 is 2.2%. The same figures for the CAViaR model are 2.4% and 3.5%, respectively. More importantly, we find that in two data sets (industry portfolios and size-B/M portfolios) multivariate models deliver empirical coverage rates closer to the nominal level in comparison to the univariate models. Moreover, for these two data sets the two multivariate models pass all backtests, while the two univariate models fail to pass them. In the case of the SP&P100 stocks, we can observe that the AsyDCC-GJR-t and CAViaR models deliver similar coverage rates (1.9% and 1.7%, respectively). DCC-GJR-t vs. GJR DCC-GJR-t** DCC-GJR-t* DCC-GJR-t** DCC-GJR-t vs. CAViaR DCC-GJR-t** CAViaR** DCC-GJR-t** AsyDCC-GJR-t vs. GJR AsyDCC-GJR-t** AsyDCC-GJR-t** AsyDCC-GJR-t** AsyDCC-GJR-t vs. CAViaR AsyDCC-GJR-t** AsyDCC-GJR-t AsyDCC-GJR-t** Multivariate vs. multivariate DCC-GJR-t vs. AsyDCC-GJR-t AsyDCC-GJR-t AsyDCC-GJR-t*** DCC-GJR-t* Univariate vs. univariate GJR vs. CAViaR CAViaR CAViaR GJR* ***Significant at 1% **Significant at 5% *Significant at 10%
Finally, Table 14 reports the results for pairwise comparisons among the models considered in the rolling window exercise according to the CPA test for each of the three data sets considered. These results corroborate the previous backtesting results in Table 13 and shows that multivariate models are strictly preferred to univariate models in the case of the industry and size-B/M portfolios. For the S&P100 stocks, we observe that the CAViaR model outperforms the DCC-GJR-t model. In comparison to the AsyDCC-GJR-t model, however, the CAViaR model underperforms, but the difference in performance between these two models is not statistically significant. Among the multivariate models, the best models are either the AsyDCC-GJR-t or the DCC-GJR-t (not a clear preference between them). A similar finding arises when comparing the two univariate models.
Therefore, we can summarize the empirical results by noting that multivariate models tend to outperform univariate ones when forecasting one day-ahead portfolio 1%-VaR for the three large and diversified portfolios considered in this article. The results are even more favorable when the VaR forecasts are obtained with rolling estimation windows. In this case, we find the the empirical coverage rates delivered by the multivariate models are closer to the expected level. Moreover, in most situations multivariate models managed to pass all backtesting tests while univariate models did not. These results are confirmed by the CPA test, which shows that multivariate models with Student's t innovations tend to be the most appropriate specification for the problem of portfolio VaR forecasting.
Robustness Check: is the 2007-2008 Financial Crisis Driving the Results?
One possible concern to the results reported in Sections 3.1 and 3.2 is that they can be affected by the financial turmoil of 2007-2008. During this period, losses in Table 15 reports the average sample moments across assets in each of the two subperiods and shows that the 2007-2008 financial crisis tends to be mostly concentrated in the second subperiod, since this period is substantially more volatile and has larger excess kurtosis than the first subperiod. Tables 16 and 17 report the backtesting results for the multivariate and univariate models considered in Section 3.2 in each of the two subperiods considering a fixed and a rolling estimation strategy, respectively. The results corroborate our previous findings as they indicate that multivariate models outperform their univariate counterparts in the majority of the cases. Moreover, the use of a rolling estimation window usually results in empirical coverages closer to the expected nominal level of 1%. During the less volatile period, Table 17 shows that the AsyDCC-GJR-t model passed the conditional coverage backtest in the three data sets. As for the univariate models, we find that both models failed to pass the backtests for the industry portfolios. Nevertheless, the CAViaR and GJR models passed the backtests for the S&P100 stocks and the size-B/M portfolios, respectively. During the more volatile period, the CAViaR model passed the backtests only in the case of the S&P100 stocks. On the other hand, we find that the AsyDCCGJR-t model also passed the conditional coverage backtest in all the data sets. This result 
CONCLUSIONS
Obtaining accurate risk measures can be seen as an important issue in risk management. This article addresses the question of whether multivariate or univariate models are most appropriate for the problem of portfolio VaR forecasting. We compare both types of models in the context of large and diversified portfolios, considering complex dynamics of variances and covariances with asymmetries and dynamic correlations and using both simulated and real data. The models are compared by implementing not only backtesting tests but also the CPA test that helps ranking the models according to their performance to forecast the one-step-ahead VaR. The results of the comparative predictive performance obtained in this article indicate that, although in some cases there exists no preference between univariate and multivariate models, when this preference exists it is in favor of multivariate models. This preference is clearer on an out-of-sample basis and when Student's t innovations are considered. The findings of this article have several important implications from both academic and practitioner points of view. Unlike previous empirical evidence, the results suggest that when large portfolios are considered there may exist differences in modeling multivariate and univariate conditional variances. When the objective is to measure and to forecast the VaR associated to a linear combination of the individual assets in the portfolio, it could be worth modeling the joint dynamics of those assets by fitting a multivariate model. Moreover, considering that any underestimation in the risk of a portfolio can have tremendous effects for a financial institution and for the aggregated financial system, our results show that the difference in performance with respect to univariate models is not only statistically but also economically significant. Finally, the results suggest that assuming conditional correlations to be time-varying rather than constant and exhibiting asymmetric effects can lead to VaR forecast improvements.
APPENDIX: PARAMETRIZATION OF THE DATA-GENERATING PROCESSES USED TO SIMULATE DATA FOR THE MONTE CARLO EXPERIMENTS
The O-GARCH model implemented to generate systems of N = 10 returns specifies the conditional covariance matrix as follows
where t is a multivariate Gaussian white noise process with covariance matrix given by 
h 2 1,t = 0.01+0.10f 2 1,t−1 +0.85h 2 1,t−1 +0.05I(f 1,t−1 < 0)f 2 1,t−1 h 2 2,t = 0.01+0.17f 2 2,t−1 +0.80h 2 2,t−1 +0.02I(f 2,t−1 < 0)f 2 2,t−1 h 2 3,t = 0.01+0.05f 2 3,t−1 +0.90h 2 3,t−1 +0.07I(f 3,t−1 < 0)f 2 3,t−1 = P diag l 
where V = diag(v 1 ,v 2 ,...,v N ), with v i being the marginal variance of ε it , l 1 ≥ l 2 ≥ l 3 ≥ 0 being the three largest eigenvalues of the population correlation matrix of V −1/2 t . Finally, P is the N ×3 matrix of associated mutually orthogonal eigenvectors. The MARSV model considered as the second DGP is given by:
where C and A are squared parameter matrices given by 
The last DGP considered is given by the following ASYDVEC model:
where A, B, and G are positive-definite matrices given by 
where denotes the Hadamard (elementwise) product. By taking expectations, the matrix C can be rewritten asH (ιι −A−B)−N G, where ι is a vector of ones, andN = E[η t η t ] whereH is the unconditional covariance matrix.
Then, the matrix C is
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